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Abstract
We study the factorization and resummation of the tt¯W± production at hadron colliders. The
cross section in the threshold limit can be factorized into a convolution of hard and soft functions
and parton distribution functions with the soft-collinear effective theory. We calculate the next-
to-leading order soft function for the associated production of the heavy quark pair and colorless
particle, and we perform the resummation calculation with the next-to-next-to-leading logarithms
accuracy. Our results show that the resummation effects reduce the dependence of the cross section
on the scales significantly and increase the total cross section by 7−13% compared with NLO QCD
results.
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I. INTRODUCTION
The top quark is the most massive known particle. And due to its large mass, the top
quark plays a special role in the Standard Model (SM). The top quark pair production in
association with the vector boson is one of the key processes to measure top quark properties.
Furthermore, these processes can also lead to final states that contain same-sign leptons,
which are rare events in the SM, and an important background in searches for new physics,
such as supersymmetry and the Randall-Sundrum model. Recently the charge asymmetry
between the t and t¯ quarks has been studied with the QCD next-to-leading order (NLO)
accuracy [1]. The authors pointed out that the tt¯W± events provide larger charge asymmetry
with respect to tt¯ and tt¯Z production, which is also sensitive to the new physics. On the
other hand, the LHC already has the ability to distinguish the tt¯V (W±, Z) signals from
the SM backgrounds [2, 3]. With increasing precision of measurements in the near future,
it is necessary to make more accurate predictions for these processes.
The calculations of the tt¯V production are similar to the massive bottom quark pair
production associated with a vector boson. The QCD NLO corrections to the massive bb¯
and W or Z boson associated production have been investigated in the last several years [4–
7]. The NLO corrections to the tt¯W± and tt¯Z production were also studied in Refs. [8–11].
And the NLO corrections to the production and decay of tt¯W± are available [7]. Recently,
the computations for both the tt¯W± and tt¯Z production at the QCD NLO level with parton
shower were presented in Ref. [12]. However, the cross sections for the tt¯W± production still
suffer from large uncertainties, about±10%, caused by the renormalization and factorization
scales, even including QCD NLO effects. As we know, the perturbative QCD calculations
lead to the functions singular at the edge of the phase space and produce logarithms. In
general, these logarithms can induce large corrections and bring large uncertainties in the
fixed-order calculations. To improve the theoretical predictions, these logarithms must be
resummed to all orders.
In this paper, we study the threshold resummation for the tt¯W± production at hadron
colliders, within the framework of the soft-collinear effective theory (SCET) [13–16]. In
general, there are several threshold parameters used in soft gluon resummation. These pa-
rameters vanish in the limit where real gluon emission is soft or collinear. As for top quark
pair production, the threshold parameter could be βt =
√
1− 4m2t
sˆ
, (1− z) = 1−M2/sˆ and
2
s4 = sˆ+ tˆ+ uˆ, which correspond to the production threshold kinematics [17], pair-invariant
mass (PIM) kinematics [18, 19] and single particle inclusive(1PI) kinematics [20, 21], respec-
tively. The production threshold kinematics cannot be directly used in the resummation for
tt¯W± production and we do not consider this case in this paper. As shown in Ref. [21], the
resummation predictions in 1PI kinematics are susceptible to large power corrections at the
LHC, and the results in PIM kinematics seem more reliable for top quark pair production.
Therefore, for tt¯W± production at the LHC, we choose the PIM kinematics threshold where
(1−z) = 1−M2/sˆ→ 0 with M the invariant mass of the tt¯W±. In this case, the logarithms
αns [ln
m(1− z)/(1 − z)]+ with m ≤ 2n− 1 are induced in the perturbative expansion of the
strong coupling constant αs, which could spoil the convergence of the expansion. These
logarithms can be resummed to to all orders in αs using renormalization group method. In
general, in this threshold limit, the cross section can be factorized into a convolution of hard
and soft functions as [22–33]. The cross section for tt¯W± production can be written as
σ = Tr(H ⊗ S)⊗ fN1 ⊗ fN2 , (1)
where H , S, and fN are the hard function, soft function and parton distribution function,
respectively. The short distance information is encoded into the Wilson coefficients, which is
described by the hard function. The soft function contains all the effects coming from emit-
ting soft gluons by the colored initial and final states. The hard function and soft functions
can be calculated order by order in QCD at the hard scale and soft scale, respectively. Then
all the scales evolve to the common scale to resum the large logarithms. In this paper, we
calculate the soft function at the NLO level, and then perform the threshold resummation
with the NLO+NNLL accuracy.
This paper is structured as follows. In the following section, we briefly derive the fac-
torization formula in the threshold region for tt¯W± production. In Sec. III we present the
results of the NLO hard and soft functions. Then we show the renormalization group equa-
tions for the hard and soft functions in Sec. IV. By solving these RG equations, the final
resummation formula is given in this section. In Sec. V, we discuss the numerical results for
the resummation at the LHC. Finally, we conclude in Sec. VI.
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II. FACTORIZATION FORMULA
In this section, we briefly show the factorization formula for tt¯W± production based on
SCET and heavy-quark effective theory (HQET) [34]. SCET is developed as a useful tool to
deal with soft and collinear radiations. And here HQET is used to describe the interactions
between the soft gluon and the top quark pair in the final states. Because the W boson is
colorless, the factorization procedure shares some similarities with the case of the top pair
production, which has been discussed in detail in Refs. [18, 35].
We consider the process
N1(P1) +N2(P1)→ t(p3) + t¯(p4) +W±(p5) +X(PX), (2)
where N1 and N2 are the incoming hadrons and X is an inclusive hadronic final state. At
the LO, the process is
q(p1) + q¯(p2)→ t(p3) + t¯(p4) +W±(p5) , (3)
where p1 = x1P1 and p2 = x2P2. It is convenient to introduce the following kinematic
invariants:
s = (P1 + P2)
2 , sˆ = (p1 + p2)
2 ,M2 = (p3 + p4 + p5)
2 ,
sij = (pi + pj)
2 , s˜ij = 2pi · pj , z = M
2
sˆ
, τ =
M2
s
, (4)
The threshold limit we are interested in is (1− z)→ 0, where
sˆ, s˜ij, M
2 ≫ sˆ(1− z)2 ≫ Λ2QCD. (5)
In this region only the soft radiations in the final state are allowed and (1 − z)2sˆ defines
the soft scale. For later convenience, we introduce two lightlike vectors n and n¯ along the
directions of the colliding partons. With these two vectors, any four-vector can be written
as
kµ = n · k n¯
µ
2
+ n¯ · kn
µ
2
+ kµ⊥ = k
+ n¯
µ
2
+ k−
nµ
2
+ kµ⊥ = (k
+, k−, ~k⊥) . (6)
Therefore, the momenta of the initial parton can be written as pµ1 = p
−nµ/2 and p2 =
p+nµ/2. The momenta of the top quark pair in the final states are pµi = mtv
µ
i + k
µ
i (i=3,4)
where v2i = 1 and k
µ
i is the off-shell momentum due to the soft gluon emissions.
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It is similar to the factorization procedure of threshold resummation for top quark pair
production in the quark-antiquark annihilation channel [18, 35]. In order to derive the
explicit expression of the factorization formula in SCET, we start from the effective Hamil-
tonian for tt¯W production, which can be written as
Heff(x) =
∑
I,m
∫
dt1dt2 e
imt(v3+v4)·xC˜Im(t1, t2)Wµ(x)OµIm(x, t1, t2) , (7)
where the index I and m label different color structures and Dirac structures, respectively.
Wµ(x) is the field operator of the W boson and C˜(t1, t2) are Wilson coefficients arising
from matching the renormalized Green’s functions in QCD with the operator OµIm(x, t1, t2)
in SCET. In the momentum space, this Wilson coefficients can be obtained by performing
integral over t1 and t2
CIm(µ) =
∫
dt1dt2e
−it1n¯·p1−it2n·p2C˜Im(t1, t2), (8)
Here we suppress the arguments for the Wilson lines because of many independent kinematic
variables involved.
The effective operators in SCET in Eq. (7) are given by
OµIm(x, t1, t2) =
∑
{a},{b}
(cI){a} [Ohm(x)]
b3b4 [Oc,µm (x, t1, t2)]
b1b2 [Os(x)]{a},{b} , (9)
with
[Oc,µm (x, t1, t2)]
b1b2 = χ¯b2n¯ (x+ t2n) Γ
µ
m χ
b1
n (x+ t1n¯) , [O
h
m(x)]
b3b4 = h¯b3v3(x) Γ
′
m h
b4
v4(x)
[Os(x)]{a},{b} = [S†v3(x)]
b3a3 [Sv4(x)]
a4b4 [S†n¯(x)]
b2a2 [Sn(x)]
a1b1 . (10)
In the above, χn, hv are gauge-invariant fields for collinear quarks, heavy quarks in SCET
and HQET, respectively. The superscripts µ is the Lorentz index. And the indices ai and
bi with i = 1, 2, 3, 4 are color indices for the initial and final quarks. And Γ
µ
m, Γ
′
m are
combinations of Dirac matrices and the external momentum n, n¯, v3 and v4. In the above
equation, we have used the soft Wilson lines which are defined as [36, 37]
[Sn(x)]
ab = P exp
(
ig
∫ 0
−∞
dt n ·Acs(x+ tn) tcab
)
,
[Sv3(x)]
ab = P exp
(
−ig
∫ ∞
0
dt v3 · Acs(x+ tv3) tcab
)
. (11)
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[Sn¯(x)]
ab and [Sv4(x)]
ab are similar to [Sn(x)]
ab and [Sv3(x)]
ab, respectively, and we do not
show them. To suppress the color indices, it is convenient to introduce the color-space
formalism [38, 39]. The basis in the color space is denoted by cI , which we choose as
(c1){a} = δa1a2 δa3a4 , (c2){a} = t
c
a1a2
tca3a4 . (12)
Using these bases, we define the vectors of Wilson coefficients as
|Cm〉 =
∑
I
CIm |cI〉 . (13)
Due to the fact that the fields in different sectors of the effective theory do not inter-
act with each other, after absorbing the corresponding interactions into Wilson lines, the
partonic differential cross section can be expressed as
dσˆ =
1
2sˆ
d3~p3
(2π)32E3
d4~p4
(2π)32E4
d3~p5
(2π)32E5
(2π)4δ(4)(p1 + p2 − p3 − p4 − p5 − ps)
× 1
4N2C
∑
m,m′
|Cm〉〈Cm′|〈〈Om〉〉†〈〈Om′〉〉〈0|T¯ [Os†(x)]T [Os(0)]|0〉 , (14)
where ps denotes the four-momentum of soft radiations. Here, we introduce the symbol
〈〈Om〉〉 which is defined as
〈〈Om〉〉 = 〈t(p3)t¯(p4)|Ohm(0, 0, 0)ǫµ(p5)Oc,µm (0, 0, 0)|u(p1)d¯(p2)〉 . (15)
The hard function is a matrix in the color space, which is given by
H(µ) =
1
4NC
∑
m,m′
|Cm〉〈Cm′|〈〈Om〉〉†〈〈Om′〉〉 . (16)
Then we define the soft function in the position space as the vacuum expectation value of
Wilson loops,
W (x, µ) =
1
NC
〈0|T¯ [Os†(x)]T [Os(0)]|0〉 , (17)
which is also a matrix in color space. And in the momentum space the soft function is given
by
S(
√
sˆ(1− z), µ) =
√
sˆ
∫
dx0
4π
ei
√
sˆ(1−z)x0/2W (x0, ~x = 0, µ) . (18)
6
Using the following identity
1 =
∫
d4q dM2 δ(4)(q − p3 − p4 − p5) δ(M2 − q2) , (19)
Eq. (14) can be expressed as
dσˆ =
1
2π
1
2sˆ
dΠ3dM
∫
dx0eix
0(p0
1
+p0
2
−q0)Tr[H(µ)W (x, µf)]δ(M2 − q2)
=
1
sˆM
dΠ3dMTr[H(µ)S(
√
sˆ(1− z), µ)]δ(M2 − q2) (20)
where dΠ3 are
dΠ3 =
d3~p3
(2π)32E3
d4~p4
(2π)32E4
d3~p5
(2π)32E5
(2π)4δ(4)(q − p3 − p4 − p5) . (21)
Then the differential cross section at hadron colliders is
dσ
dMdΠ3
=
1
s
∑
i=q,q¯
∫ 1
τ
dz
z
ffi¯i(τ/z, µ)C(z, µ) , (22)
where C(z, µ) is the hard-scattering kernel, which is given by
C(z, µ) = Tr
[
H(µ)S(
√
sˆ(1− z), µ)] . (23)
The variable ffi¯i is the convolution of the PDFs, which is defined as
ffi¯i(y, µf) =
∫ 1
y
dx
x
fi/N1(x, µ)fi¯/N2(y/x, µ) . (24)
III. THE HARD FUNCTION AND SOFT FUNCTION
In this section we first summarize the results of the hard function and then show the NLO
soft function. The hard function is the absolute value squared of the Wilson coefficients of the
operators, which can be obtained by matching the full theory onto SCET. The perturbation
expansion of the hard function can be written as
H = α2s
1
NC
(
H(0) +
αs
4π
H(1) + . . .
)
. (25)
The LO hard function H(0) is simple to calculate. For the NLO hard function H(1), the
external particles are chosen on shell, and the loop integrals in SCET vanish in dimen-
sional regularization because scaleless. The NLO hard function is exactly the same with
the renormalized virtual corrections for the tt¯W± production. The NLO calculations for the
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tt¯W± production have also been performed in Refs. [7, 10]. And the NLO hard function
we need can be extracted from the MadLoop [10], which makes use of CutTools [40] and
OneLoop [41]. As a cross check, we use the anomalous dimension of the hard function [42–
44] to predict the divergence and the scale dependent terms in the NLO hard function. And
we find that these terms are consistent with those from MadLoop.
Now we turn to the soft function. It is convenient to work with the Laplace transformed
function of the soft function. With the definition in Eq. (18), the soft functions can be given
by
s˜(L, µ) =
1√
sˆ
∫ ∞
0
dω exp
(
− ω
eγEµeL/2
)
S(ω, µ)
=W
(
x0 =
−2i
eγEµeL/2
, µ
)
. (26)
The perturbation expansion of the soft function can be written as
s˜(L, µ) = s˜(0)(L, µ) +
αs
4π
s˜(0)(L, µ) . (27)
At the LO, the soft function is independent of the L and µ , which is
s˜
(0)
IJ = 〈cI | cJ〉 /NC
or
s˜(0) =

NC 0
0 CF
2

 . (28)
Figure 1 shows the diagrams for the NLO soft function, which can be calculated using
the operator definition in SCET or using the eikonal approximation in the full theory. The
bare soft function can be written as
W
(1)
bare(ǫ, x0, µ) =
∑
i,j
wij Iij(ǫ, x0, µ) , (29)
where the wij represents the NLO color matrices, which is defined as
(wij)IJ =
1
NC
〈cI |TiTj | cJ〉 . (30)
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I1 3 I1 4 I2 3
I4 4I3 3
I3 4I1 2
I2 4
FIG. 1. The diagrams contributing to the soft functions. The single line and double line represent
the Wilson line for initial-state quarks and final state top quark pair and the red one for the soft
gluon.
These color matrices are
w12 = w34 = − CF
4NC

4N2C 0
0 −1

 ,
w33 = w44 =
CF
2

2NC 0
0 CF

 ,
w13 = w24 = −CF
2

0 1
1 2CF − NC2

 ,
w14 = w23 =
CF
2NC

 0 NC
NC 1

 . (31)
The integrals Iij are defined as
Iij(ǫ, x0, µ) = −(4πµ
2)ǫ
π2−ǫ
vi · vj
∫
ddk
e−ik
0x0
vi · k vj · k (2π) δ(k
2) θ(k0) , (32)
where vi is the velocity of the corresponding particle i. It is obvious that the integrals Iij
are symmetric in the indices i and j. The integrals I11, I22 vanish because of massless
external particles. And the integral I12 and I33 are the same with those in Ref. [18]. The
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other integrals need to be recalculated here due to the difference between the kinematic
conditions for tt¯ and tt¯W± production. The non vanishing integrals are collected as follows
I12 =−
(
2
ǫ2
+
2
ǫ
L0 + L
2
0 +
π2
6
)
,
I33 =2
ǫ
+ 2L0 − 2
β3
ln
1− β3
1 + β3
,
I34 =− 1 + x
2
34
1− x234
[(
2
ǫ
+ 2L0
)
ln x34 − ln2 x34 + 4 lnx34 ln(1− x34) + 4Li2(x34)− 2π
2
3
]
,
I13 =− 1
ǫ2
− 1
ǫ
[
L0 − ln s˜
2
13
sm2t
]
−
[
1
2
(
L0 − ln s˜
2
13
sm2t
)2
+2Li2
(
β3(1 + cos θ3)
1 + β3
)
+ 2Li2
(
−β3(1− cos θ3)
1− β3
)
+
π2
12
]
,
I23 =I13 (cos θ3 → − cos θ3) , I14 = I13 (β3 → β4, θ3 → θ4) ,
I24 =I14 (cos θ4 → − cos θ4) , I44 = I33 (β3 → β4) . (33)
where θ3 and θ4 are the angle between the top quark and anti-top quark momentum and z
axes , respectively, and
L0 = ln
(
− µ
2x20e
2γE
4
)
, βi =
|~pi|
p0i
, βtt¯ =
√
1− 4m
2
t
s34
x34 =
1− βtt¯
1 + βtt¯
. (34)
If we remove the momentum of the W boson, .i.e. set p1 + p2 = p3 + p4, the soft
function here turns into that for top pair production, which is consistent with the results
from Ref. [18]. Furthermore, the real emissions of NLO corrections in the soft limit were
present in Ref. [4, 5], where the NLO corrections to the massive bottom quark pair production
in association with W± boson are calculated. As a check, we transform the soft function
to the momentum space, and find they are consistent with the results in Ref. [5]. The soft
functions presented here can be used to all the processes of heavy quark pair production
associated with colorless particle at the hadron colliders.
IV. RENORMALIZATION GROUP EVOLUTION AND THE THRESHOLD RE-
SUMMATION
With SCET, the resummation of large logarithms is achieved by evolving the hard func-
tion and soft function from the hard scale µh and soft scale µs to the factorization scale µf .
In this section, we will introduce the RG evolution of the hard and soft function, respectively.
The resummation formula and its expansion to fixed order are also presented below.
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A. RG evolution and resummation
The RG evolution of the hard functions is similar to the one for top quark pair production,
which is given by
d
d lnµ
H(µ) = ΓH(µ)H(µ) +H(µ)Γ
†
H(µ) . (35)
The anomalous dimension ΓH can be obtained by applying the results derived in Ref. [42–44],
which can be written as
ΓH =
[
CFγcusp(αs)
(
ln
M2
µ2
− iπ
)
+ CFγcusp(β34, αs) + 2γ
q(αs) + 2γ
Q(αs)
]
1
+
NC
2
[
γcusp(αs)
(
1
2
ln
s˜213
sˆm2t
+
1
2
ln
s˜224
sˆm2t
+ iπ
)
− γcusp(β34, αs)
]0 0
0 1


+ γcusp(αs)
(
ln
s˜13
s˜23
− ln s˜14
s˜24
)

0 CF2NC
1 − 1
NC

+ αs
4π
g(β34)

 0 CF2
−NC 0



 , (36)
where γcusp, γ
q and γQ are the cusp anomalous dimension, light quark field anomalous
dimension, and heavy quark field anomalous dimension, respectively. The results for these
anomalous dimensions can also be found in Refs. [42–44].
The solution to Eq. (35) is given by
H(µ) = UH(µ)H(µh)U
†
H(µh, µ) , (37)
where UH is
UH(µh, µ) = exp
[
2S(µh, µ)− aΓ(µh, µ)
(
ln
M2
µ2h
− iπ
)]
u(µh, µ) . (38)
The functions S(µh, µ) and aΓ are defined as
S(µh, µ) = −
∫ αs(µ)
αs(µh)
dα
ΓFcusp(α)
β(α)
∫ α
αs(µh)
dα′
β(α′)
, aΓ(µh, µ) = −
∫ αs(µ)
αs(µh)
dα
ΓFcusp(α)
β(α)
, (39)
where β(α) is the QCD β function and ΓFcusp = CFγcusp. The matrix u in Eq. (38) is
u(µh, µ) = P exp
∫ αs(µ)
αs(µh)
dα
β(α)
γh(µh, µ) , (40)
The above equation can be solved through the method introduced in Refs. [45, 46]. The
matrix γh(αs) can be obtained from the following equation:
ΓH = Γ
F
cusp(αs)
(
ln
M2
µ2
− iπ
)
1+ γh(αs) . (41)
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Finally, the RG improved hard function is
H(µh, µ) = exp
[
4S(µh, µ)− 2aΓ(µh, µ)
(
ln
M2
µ2h
− iπ
)]
u(µh, µ)H(µh)u
†
h(µh, µ) . (42)
The cross section at the threshold region is independent of the factorization scale, and
then we have
d
d lnµ
Tr[H(µ)S(ω, µ)]⊗ ff = 0 . (43)
where ff is the convolution of the parton distribution functions. The RG equation of ff is
d
d lnµ
ff(y, µ) = 2
∫ 1
y
P (x)ff(y/x, µ) , (44)
where
P (x) =
2ΓFcusp(αs)
(1− x)+ + 2γ
φ(αs)δ(1− x) . (45)
From Eq. (43), we find that the momentum-space soft function obeys the following integro-
differential equation:
d
d lnµ
S(ω, µ) = −
[
2ΓFcusp(αs) ln
ω
µ
+ γ†s(αs)
]
S(ω, µ)
− S(ω, µ)
[
2ΓFcusp(αs) ln
ω
µ
+ γs(αs)
]
− 4ΓFcusp(αs)
∫ ω
0
dω′
S(ω′, µ)− S(ω, µ)
ω − ω′ , (46)
where γs(αs) = γh(αs)+2γ
φ(αs) 1 . With the Laplace transformation, the nonlocal evolution
equation for the soft function is turned into a local one. The evolution equation after the
Laplace transformation is given by
d
d lnµ
s˜
(
ln
M2
µ2
, µ
)
=−
[
ΓFcusp(αs) ln
M2
µ2
+ γ†s(αs)
]
s˜
(
ln
M2
µ2
, µ
)
− s˜
(
ln
M2
µ2
, µ
)[
ΓFcusp(αs) ln
M2
µ2
+ γs(αs)
]
. (47)
This differential equation can be solved with the same method as for the hard function. The
solution in the momentum space is
S(ω, µ) =
√
sˆ exp
[−4S(µs, µ) + 4aγφ(µs, µ)]u†(µ, µs)
× s˜(∂η, µs)u(µ, µs) 1
ω
(
ω
µs
)2η
e−2γEη
Γ(2η)
, (48)
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with
η = 2aΓ(µs, µ) . (49)
Here µs is the soft scale where the perturbative expansion of the soft function is well behaved.
This result is well defined for η > 0. When −1 < η < 0, the solution can be obtained by
analytic continuation,∫ 1
τ
dz
f(z)
(1− z)1−2η =
∫ 1
τ
dz
f(z)− f(1)
(1− z)1−2η +
f(1)
2η
(1− τ)2η . (50)
Combining the RG solutions of hard and soft function, the RG improved hard-scattering
kernel is collected as follows
C(z, µf ) = exp
[
4aγφ(µs, µf)
]
× Tr
[
U(µh, µs)H(µh)U
†(µh, µs)s˜
(
ln
M2
µ2s
+ ∂η, µs
)]
e−2γEη
Γ(2η)
z−η
(1− z)1−2η .
(51)
Based on the above expressions, the logarithms in the threshold region are resummed to
all orders. In the following calculations, the counting scheme is the same with Ref. [23]. To
include the subleading terms in (1 − z), we need to match the resummed prediction to the
fixed order results. Here the prediction with NLO+NNLL accuracy is defined as
dσNLO+NNLL(µh, µs, µf) =dσ
NNLL|µh,µs,µf + dσsubleading|µf
=dσNNLL|µh,µs,µf + (dσNLO|µf − dσNNLL|µh=µs=µf ) . (52)
B. The NLO leading singular terms
To explore the necessary of the resummation, we show the leading singular terms from
expanding the resummed formula here and compare with the NLO results. The leading
singular terms can be obtained by setting µh = µs = µf = µ in Eq. (51). Thus, we take the
derivatives with respect to η and then set the limit η → 0, which can be achieved by the
replacements:
1→ δ(1− z),
(
ln
M2
µ2s
+ ∂η
)
→ 2P0(z) + δ(1− z) lnM
2
µ2
,(
ln
M2
µ2s
+ ∂η
)2
→ 4P1(z) + δ(1− z) ln2 M
2
µ2
, (53)
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FIG. 2. The invariant mass distribution for the NLO leading terms and the NLO corrections for
tt¯W+ production at the 8 and 13 TeV LHC.
where Pn(z) is plus distribution of the form
Pn(z) =
[
1
1− z ln
n
(
M2(1− z)2
µ2z
)]
+
. (54)
The integration of plus distribution is defined as∫ 1
τ
[
1
1− z ln
n
(
M2(1− z)2
µ2z
)]
+
g(z) =
∫ 1
τ
dz
g(z)− g(1)
1− z ln
n
(
M2(1− z)2
µ2z
)
− g(1)
∫ τ
0
dz
1
1− z ln
n
(
M2(1− z)2
µ2z
)
. (55)
Figure 2 shows the invariant mass distribution from the leading singular terms and the
NLO results with the CT10NLO PDF [47]. It can be found that the leading singular terms
are dominate in all the invariant mass regions and the threshold resummation effects are also
important in the region τ ≪ 1. It is because that the convolution of the parton distribution
functions falls off fast for τ/z → 1 so that the contributions coming from the case of τ/z ≪ 1
are dominant, which is so-called dynamical threshold enhancement[23]. This leads that the
leading singular terms contribute about 91% of the NLO total cross section at the 8 TeV
LHC and about 87% at the 13 TeV LHC. The difference between the NLO leading singular
terms and the NLO predictions come from the contribution of the subleading terms.
V. NUMERICAL RESULTS
In this section, we discuss the numerical results of the resummation predictions at the
LHC. The parameters are set asmt = 173.2 GeV,mW = 80.398 GeV, and the Fermi-constant
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FIG. 3. The left plots show the scale dependence of the one-loop soft function contribution divided
by the LO cross section for tt¯W+ production with M = 500, 1000, 1500 and 2000 GeV. The right
plots show the position of minimal corrections as a function of M.
GF = 1.166390×10−5 GeV−2. We use the CTEQ6l [48], CT10NLO [47] and CT10NNLO [49]
PDF sets as the LO, NLO and NNLO PDFs, respectively. And the associated strong coupling
constant αs are used. Here, the LO and NLO predictions are calculated with the LO and
NLO PDF, respectively. The resummation predictions at NLL and NNLL are with NLO
PDF and NNLO PDF. It is because that the resummation terms include a bulk of the
perturbative corrections appearing one order higher in αs compared with the fixed order
results.
A. Determination of the scales
The soft scale should be chosen where the perturbative series of the soft function are
well behaved. To choose an appropriate soft scale, we pick out the contributions from the
one-loop soft function in the NLO predictions, and then investigate these results divided by
the LO cross sections. The scale dependences of these results are shown in the left hand of
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FIG. 4. The scale dependence of the one-loop hard function contribution of NNLL predictions
divided by the NLL cross section for tt¯W+ production with M = 500 GeV, 1000 GeV, 1500 GeV
and 2000 GeV at the 8 TeV (left) and 13 TeV (right) LHC.
Fig. 3, where the other scales are set as µh = M and µf = M . The right figures in Fig. 3
give the position (M/µs) of the minimum corrections as a function of M, where we choose
as the default value of the soft scale. It can be found that the µs/M is between 0.26 (0.34)
and 0.11 (0.20) at the 8(13) TeV LHC. The above default values of soft scale can be fitted
by the formula
µdefs = M(1− τ)bτ f
(1 + aτ 1/2)
(1 + cτ 1/2)d
. (56)
The fitting results are a = 2.71, b = 4.99, c = 5.62, d = 2.85, f = 0.41 at the 8 and 7 TeV
LHC, and a = −0.50, b = 1.65, c = 0.49, d = 7.66, f = 0.25 at the 13 and 14 TeV LHC.
Because there are three massive particles in the final states, the hard function depends
on several different scales, which leads that the most suitable hard scale is not apparent.
Adopting the method in Ref. [18], we choose the stable hard scale for hard function by
looking at the corrections from the hard Wilson coefficient at different µh. Figure 4 shows
the scale dependence of the NNLL cross section which is defined as the NLO hard function
contribution divided by the NLL results at the different µh with the choice of µf = M and
µs determined by Eq. (56). From Fig. 4, we find that the corrections strongly depend on
the hard scale and even become negative for small value of µh, while it is more stable in the
range M/2 < µh < 2M at both the 8 and 13 TeV LHC. Therefore, we choose the default
value of the hard scale as µh = M . The same hard scale can also be obtained through the
procedure for choosing the soft scales.
Now we turn to the choice of factorization scale. As shown in Eq. (52), both the resummed
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FIG. 5. The factorization scale dependence of dσ/dM at M=600 and M=1000GeV for tt¯W+
production. The solid line stands for the NNLL results. And the dashed and dash-dotted lines
present the LO and NLO leading predictions, respectively.
and fix order predictions depends on µf . To choose an appropriate factorization scale, we
calculate the differential cross section dσ/dM at M=600 and M=1000 GeV as a function of
µf for both fixed order and resummation predictions, respectively, which are shown in Fig. 5.
The leading singular terms are dominant at the NLO and have the similar dependence on
µf with the NLO results. Therefore, we only show the µf dependence of the leading singular
terms. It can be found that the LO results and the leading singular terms are more unstable
at small µf , and the NNLL resummation results are almost independent on µf . We choose
the µf =M as the default value for the factorization scale.
B. RG improved predictions
In Table I, we show the dependence of the resummation predictions for the total cross
section on scales. Here, the uncertainties are obtained through varying the scales indepen-
dently in the range of M/2 < µf < 2M , M/2 < µh < 2M and µ
def
s /2 < µs < 2µ
def
s ,
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µh µs µf
tt¯W+
8 TeV 116.10+2%−0% 116.10
+1%
−4% 116.10
+1%
−1%
13 TeV 293.53+2%−0% 293.53
+1%
−4% 293.53
+0%
−0%
tt¯W−
8 TeV 51.03+2%−0% 51.03
+2%
−4% 51.03
+0%
−0%
13 TeV 150.23+2%−0% 150.23
+2%
−4% 150.23
+1%
−1%
TABLE I. The µh, µs and µf dependence of the NNLL total cross section.
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FIG. 6. The NNLL and NLO invariant mass distribution for tt¯W+ production at the 8 and 13
TeV LHC. The bands are obtained through independently varying the scales µh, µs and µf by a
factor of two.
respectively. It can be seen that the uncertainties arising from the variation of µh, µs and
µf are about 2%, 4%, and 1%, respectively. Figure 6 shows the NNLL invariant mass dis-
tribution for tt¯W+ production and its scale uncertainties. The NLO bands are due to the
change of the factorization scale and the renormalization scales independently by a factor of
2 and the NNLL uncertainties arise from varying the scales in the range mentioned above.
From Fig. 6, we can see that the NNLL predictions reduce the scale uncertainties to a level
of about 4%, which are much smaller than the ones of NLO results.
Now, we turn to the NLO+NNLL predictions for invariant mass distribution as shown in
Fig. 7. For the fixed order calculation, we choose the default values for the renormalization
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FIG. 7. The invariant mass distributions for the NNLL+NLO predictions for tt¯W+ production
at 8 TeV and 13 TeV LHC. The bands stand for the scale uncertainty. The bands represent the
scale uncertainties.
√
s LO (fb) NLO (fb) NNLL (fb) NNLL1(fb) NNLL2(fb) K-factor
tt¯W+
7 TeV 52.62+19%−15% 86.74
+10%
−9% 86.57
+3%
−4% 91.21
+3%
−4% 93.02
+4%
−5% 1.07
8 TeV 69.71+18%−15% 117.37
+10%
−9% 116.10
+3%
−4% 122.34
+2%
−4% 125.91
+4%
−4% 1.07
13 TeV 171.40+18%−14% 312.65
+11%
−10% 293.52
+3%
−4% 309.29
+3%
−4% 332.99
+5%
−4% 1.07
14 TeV 194.20+18%−14% 358.38
+11%
−10% 334.37
+2%
−4% 352.42
+2%
−4% 382.55
+5%
−5% 1.07
tt¯W−
7 TeV 20.65+19%−15% 35.60
+11%
−10% 37.55
+3%
−4% 39.51
+3%
−4% 40.18
+4%
−5% 1.13
8 TeV 28.67+19%−15% 50.29
+10%
−10% 51.02
+2%
−4% 53.79
+2%
−4% 56.23
+4%
−4% 1.10
13 TeV 82.09+18%−14% 154.28
+10%
−10% 150.23
+3%
−4% 158.13
+3%
−4% 169.86
+5%
−4% 1.10
14 TeV 94.92+18%−14% 180.46
+11%
−10% 170.10
+2%
−4% 179.35
+3%
−4% 194.62
+5%
−5% 1.08
TABLE II. The fixed order and resummed cross section for tt¯W+ and tt¯W− production. The
NNLL1 and NNLL2 represent the qq¯ channel and total predictions at NLO+NNLL, respectively.
The K-factor is defined as the NNLL2 total cross section divided by the NLO one.
scale and factorization scale as µr = µf = M and vary the scales independent by a factor
of 2. Note that the fixed order results is different with those in Refs. [1, 12] because of the
different choice of scales. It can be seen that the scale uncertainties of the NLO+NNLL
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distributions are reduced significantly. In the small invariant mass region forM < 700 GeV,
the uncertainties are less than 1/3 of the ones of NLO results, while in the large invariant
mass region they are comparable. The uncertainties in the large invariant mass region
mainly come from the subleading terms of the fixed order results in qg channel. And the
uncertainties due to the power suppressed corrections are about 1% at the 7 TeV and 8 TeV
LHC and less than 2% at the 13 TeV and 14 TeV LHC. In Table II, we show the total cross
sections for the fixed order and resummation predictions, where NNLL1 and NNLL2 mean
the NNLL resummed predictions matched with the NLO results of qq¯ channel and the total
NLO results, respectively. The difference between NNLL1 and NNLL2 arises from the real
corrections in qg channel, which enlarges the scale uncertainties of the total cross section
as mentioned before. As shown in Table II, comparing to the NLO results, the threshold
resummation reduces the scale dependence from about ±10% to about ±5% for both the
tt¯W+ and tt¯W− productions at different collider energies. The K-factor is defined as the
NNLL2 total cross sections divided by the NLO ones. Table II shows that the resummation
increases the total cross section by about 7% for tt¯W+ production and about 10% for tt¯W−
production.
VI. CONCLUSION
We have investigated the threshold resummation for tt¯W± production at the LHC with
SCET. We briefly show the factorization formula in the threshold limit where the cross
section can be factorized into a convolution of hard and soft functions and the PDFs. We
present the analytical expression of the NLO soft function for this process, which can also
be used in other processes of heavy quark pair production in association with colorless
particle, and we perform the threshold resummation calculations by evolving the hard and
soft functions to a common scale. Compared with NLO QCD results, the NLO+NNLL
predictions increase the total cross section by about 7%− 13% and reduce the dependence
of the total and differential cross section on the scales significantly, which makes our results
more reliable than the fixed-order results.
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